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Abstract 

The problem of construction of integrable boundary conditions for the discrete Toda 
chain is considered. The restricted chains for properly chosen closure conditions are 
reduced to the well known discrete Painleve equations dPm, dPy, dPyi- Lax represen- 
tations for these discrete Painleve equations are found. 

1 Introduction 

It is well known that the Toda lattice equation 

n — p qn+i-qn _ p q n -qn-i 

Hn,xx ° ° 

admits several different integrable discretizations [l]-[4]. Let us consider one of them [3] 

gQm,ra + l tym,n _|_ 

9m+l,n 2g mn + Qm-l,n = In ~~ ~ ~ ; '. 7 

pt/m,n ym,n— 1 _L I 

which can be also presented in variables u m ^ n = e gm ' n 



M m,n(l + V+l/Vn) 
V>m— ^"m ) n/'^"m,n— l) 



u m+l,n — 7Z — ; 7 T- 



The discrete Toda chain (2) is referred also as 2- dimensional reduction of Hirota's bilinear 
equation [5], [6], which has applications in statistical physics and quantum field theory [7], [8]. 

One of the most effective methods for constructing solutions of a discrete chain is to find 
its integrable finite-dimensional reductions. In most cases, this pertains to its periodic closure. 
But there are other possibilities for truncating the chains while conserving the integrability 
property [9], [3], [10]. For chains that admit zero curvature representation, there is a simple 
and effective method for seeking cut-off constraints (boundary conditions) compatible with the 
conservation laws of the chain [11]-[13]. 

The discrete Toda chain (2) is equivalent to the matrix equation 

(A)L m , n (A), (3) 
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which is a consistency condition (the zero curvature equation) of two linear equations 

Ym,n+i(X) = L mtn (X)Y mjn (X) , (4) 
Y m +i >n (\) = A mtn {X)Y m , n {X) , (5) 

where A is a parameter and L mjn , A m ^ n are matrices of the following form [3] 

j __ f A + U m,n \ _ I A U m:n 

rn ' n \ A^— j ' m ' n ~ \ A— ^- -1 
Definition. PFe «ra7/ call a boundary condition 

u m ,o = F(m, u mj i, Vi,i, ■-, u m,M, V-i,m) (6) 
compatible with zero curvature equation (3) if equation (5) at the spatial point n = 1 

WA) = ^,i(A)k m , =F^,i(A) (7) 
/ias an additional point symmetry of the form 

y ro ,i(A) = //(m, [«], A)y mil (A), A = /i(A). (8) 

In other words boundary condition (6) is integrable if there exists a matrix- valued function 

H(m, [u], A) = H(m, u m ^ w m _i,i, u m ^ u m _ 1;k , A) 

together with the involution A = h(X) such that for any solution F mi0 (A) of the equation (7) 
the function (8) is a solution of the same equation. This means that the following equality 

H(m + 1, [u], X)A mfi (X) = A mfi (X)H(m, [u] , A) (9) 

is valid. 

We note that equation (9) contains three unknowns (the boundary condition F(m, [«]), 
the involution A, and the matrix H(m,[u], X)) and generally speaking it has infinite set of 
solutions. But if we fix a set of arguments of one of the functions H(m, [u], A) or F(m, [u]) (i.e. 
if we fix number k or M) we obtain additional conditions that suffice to determine the desired 
functions. In the section 2 we represent several kinds of boundary conditions compatible with 
zero curvature equation (3) of the discrete Toda chain (2). Some of them was found earlier in 
[3] and [11]. 

The boundary condition (6) reduces the chain (2) to a half-line. To obtain finite-dimensional 
system we impose two boundary conditions 

U m fl = Fi(m, U m> i, 1i m -l,l, U mt M, Um-1,M), U m ^ + i = F 2 (m, U m> i, ■■■,U mj K, U m -1,K), 

(10) 

1 < M, K < N, which are assumed to be compatible with zero curvature equation (3). Ac- 
cording our Definition above equality (9) holds at the points n\ — 1 and n 2 = N + 1, while 
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the functions if (to, [u], A) and A at these points are equal to the matrices H\ = Hi(m, [u], A), 
H 2 = H2(m, [u], A) and involutions Ai and A2 respectively. 

Let us suppose that involutions A\ and A 2 coincide (i. e. Ai = A 2 = A). In this case we can 
construct the generating function for the integrals of motion of this system by the standard 
way [9] 

g(X) = trace (P{m, X)H{\m, X)P~\m, X)H 2 (m, A)) , (11) 

where P(m,X) = L m ^(X) . . . L m l (A). Similar to the continuous case [14] one can solve this 
system by utilizing a definite number of symmetries in addition to integrals of motion (see [13]). 
The set of symmetries needed can be found by using the properly chosen master symmetries. 

The case Ai 7^ A 2 is considered in the section 3. It is shown that if N — 1 and Ai 7^ A 2 
then the restricted chains for certain choices closure conditions are reduced to the well known 
discrete Painleve equations dPm, dPy, dPyi (see (59), (61), (62) below). 

2 Boundary conditions consistent with zero curvature 
equation. 

In this section we consider boundary condition of the form (6) for the discrete Toda chain 
(2) assuming that it's compatible with zero curvature equation. Let us start with the matrix- 
equation (9) which is the main equation when defining boundary conditions. It gives rise to a 
system of four scalar equations on elements of matrices if (to, A) and if (to + 1, A) (we denote 
hij = (H(m, X))ij and hij = (H(m + 1, X))^) 

Xh u + Xh 12 F = Xh u + h 2 iu m> i, (12) 

hnu m ,i - h 12 = Xh 12 + h 22 u mjl , (13) 

Xh 21 + Xh 22 F = Xh u F-h 21 , (14) 

h 21 u mj i - h 22 = Xh 12 F - h 22 . (15) 

Proposition 1. Suppose that the boundary condition (6) for the discrete Toda chain (2) is 
compatible with zero curvature equation (3) and the corresponding matrix H = H{m, A) depends 
on temporal variable m and X only, i. e. it doesn't depend on the dynamical variables. Then it 
reads as 

F = — — = a/i~ 2 "Vi + ^~ m . (16) 

Here and below a, j3, \x are arbitrary constants. 

Remark. We note that boundary condition (16) was previously found in the particular 
case when \x = 1 and ol\ — 0, Pi — 0, a 2 = 2, p 2 = and a 3 = 0, p 3 = 1 (see [3]). Yu.B. Suris 
elaborated an algebraic structure of finite-dimensional reductions of the discrete Toda chain (2) 
obtained by imposing one of this boundary conditions. In the case u m fi = 00, u mt N+i = —00 
complete integrability of corresponding system are proved. 

The case /i — 1 and with arbitrary constants a, P has been investigated in [13]. It was 
shown that the corresponding finite-dimensional systems are integrated in quadratures. 
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Proof of Prop.l. Since the elements of the matrix H don't depend on dynamical variables 
it follows from the equation (13) that h 12 = (— X) m a where a = const and 

h u = h 22 . (17) 

If we assume that h 12 7^ then the boundary condition F is easily found from (15) 

„ h 2 iu mt i - h 22 + h 22 
r = . 

Xh 12 

Substitution of expressions for h± 2 and F into (12) yields 

-\h 21 u m:1 + Xh 22 = Xh n + h 21 u mA . 

In virtue of independence of the matrix H on dynamical variables the last equation gives 
h 2 \ = ( — xj ^5 where b = const, and 

h 2 2 = jh n . (18) 

Taking into account expressions (17), (18) and independence of the function F upon the param- 
eter A we immediately find the boundary condition (16) where notations a = — b and /z 2 = 1/a 
are used. The matrix H and involution A take the form 



Proposition is proved. 



H(m,X)=\ v ; A +^ " ; " I, A = /i 2 /A. (19) 

-(-1/A) m a (-l/A) m ^/5/i m 1 



Remark. If F — , i. e. a — f3 — 0, then we have 

H(m,X) = 



(-A) m /i 2(m_1) 




In this case system (12)-(15) has one more solution 

H(m,\) = | I ("f"), \ — A. 

Proposition 2. Suppose that the boundary condition (6) for the discrete Toda chain (2) 
compatible with zero curvature equation (3) and the corresponding matrix H = H{m, u m> i, ii m -i,i, A) 
depends on dynamical variables -u m l and w m -i,i. Then it reads as 

t\ tp 1 - 2 m U m,lU m ,2 (^ra-1,1 ~~ ^m,l) 2 

^ ^ = = ^ 1 T^i 2 V + 

, ^ m , 1 +/j(/i 1 - m < 1 +^) 
/i im - /i 2 M m ,iM m _i,i 
2) F = J_ = U ^+U m , 2 _J__ 
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Remark. Consider the discrete Toda chain (2) with boundary condition of the form (16) 
where a = f3 = at the left endpoint and with (20) where /x = 1, a = /3 = at the right 
endpoint 

e -g m ,o = 0? (22) 
q m+ i, n ~ 2q m ,n + q m -i,n = In — — — — — , ra = 1, N — 1, (23) 

gym.ji ym,n— 1 _L 

9„ ( P 1m-1,N _ p 1m,N\2 
p1m-\,N-^1m.N-1m.N-\ _|_ V e e <! I 1 

q m +i,N — 2q mN + q m -i,N = hi — — . (24) 

This system in continuous limit corresponds to the generalized Toda chain 

e~ qo = 0, (25) 
gn,xx = e ?n+1 - ? "-e 9 "- 9 »- 1 , n = l,..iV-l, (26) 

C ~ € + 2shq N > [Z7) 
which is related to the Lie algebras of series D n [10]. Years ago in [3] the following discrete 
analogue of (25)- (27) has been suggested 

e~ qm '° = 0, (28) 

g<?m,n+l <?m,n _|_ ^ 

g m+ i, n - 2g m ,„ + g m -i,n = In — — — , n — 1, N — 2, (29) 

^Qm,N— Qm,N-l _|_ — 5m, AT - Qm,N-l _|_ ]^ 

g m+1)7V -i - 2g m)JV _i + g m _i,7v-i = In ^,^1-^,^ + 1 > ( 30 ) 

g-<?m,Ar— Qm,N-l _|_ ]_ 

9m+i,jv - 2g miA r + g m _i,Ar = In ——— (31) 

gym, A* ym,JV-l _L- 

Unfortunately we failed to find relation between these two discrete analogues. 

Proof of Prop 2. Consider the system of equations (12)-(15). Assume that h 12 ^ then 
it follows from (15) that 

h 21 u m ^ — h 22 + h-22 , ooA 

= rr • i 62 ) 

Xh 12 

Let us differentiate equation (13) with respect to the variable u mj2 . This leads to the 
equation 

d(h n u m:1 - h 12 ) du m+1) i 



= 0. (33) 



By setting d Q™ +1 ^ 7^ (we can't find F in the opposite case) and integrating (33) one finds that 



h\iu m \ — h\2 = Qi(u m i) or hn = 91<yUm hllthll ^ Analysis of the left-hand side of the equation 

' u m — 1,1 

gl("m,l)-Afel 
«m,l 

functions depending on dynamical variables. 



(13) leads us to expression 

h22 = gi(^ m ,i)-Afei 2 _ Rere and below 

we use <7j(ti mj i) to denote some 



Substitute obtained expressions into (12) 

\u u \u 9l(u m +i,i) ,T72 1 . ,r 9l(u m ,l) 

= A /ii2 ! h A /i 12 h \h 12 h 21 u mtl - \\h12 — . 
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h 
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Remind that 9 q™ +1 ^ 7^ 0, so we can separate the last expression on two equalities 

Xh 12 h 21 u mtl - Xh 12 h \Xh 12 h Xh 12 = g 2 {u mjl ), (34) 

A /112 h A ft 12 h Xh 12 h 2 iu m:1 - XXh 12 = g 2 (u mjl ). (35) 

Let us find ft, 2 i from (35) 

, 92(^,1) A5ri(w m _i ; i) Xh 12 A^i(« m ,i) 
~~ TI 1 2 • 

Xrii 2 U mj i lim^m-1,1 "m^tim^y M m,l 

After that the equation (34) takes the form 

L gi{u m ,i) _ ^ giKi) ^ vigiivy) _ ^1(^+1,1) ^ _ 

\ ^m,l ^ra+1,1 M m+l,l ^m+1,1 / 

= 02(Um,l) - T " • ( 36 ) 

A Wm+1,1 

One can easily see that the equation (14) is rewritten by means of (36) as follows 

/ _ A gi(^ m _i,i) - fei2 _ ^ 1 _ A = feig _J_\ = Q 

\ W m+ i j i/li2 A h\ 2 U m -i^ Um,lhl 2 Mm+1,1 A h\ 2 U m -\ t \ U mj \ J 

The condition 7^ allows one to obtain the following two equalities from the last 

equation 

gi(u m +i,i) t - A-u m ,i _ , . , 

r Ail2 — g3{ u m,l), [Ol) 

^m+1,1 «ra+l,lM m) l 

Xgi(u m -n) Xu m i — Xu m -n 

-r 1" ^i2T- = 93(Vi). (38) 

A M m _ 11 A 1i mi i« m -i,i 

We can find unknown h 12 from (37) 

lt m ,l«m-l,l / , v S'lKn.lA /qo n 

^12 = ~ J3(ttm-l,l) — • (39) 

«m,l ~ A^ m _i ; i \ / 

Substitution of this expression for h 12 into (38) leads to equality 

Yff3(v)Sl + 0l( u m,l) + ^1(^1,1) + A^ 3 (u m _i ) i)u m _i ) i 
A 

AMm-l,lff3(«m,l) + Um,l h ^3(«m-l,l) u m,l + Au m _i,i 

%-l,l 



0l(«m,l) 



«m,l 



(40) 



Differentiation of (40) with respect to the variables u m ,i and 1^-1,1 gives equation 

^( g fer^ + ^K-i,i)) = /t^ + ^K^ 

from which it follows that 

l\ m+1 gi(u m>1 ) 



93(«m,l) = ~T c w mi i h ci(m). 

V A/ tt m 1 
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Let q = Cj(A) and Cj(m) = Q(m, A) be some functions depending only on A and A, m respec- 
tively. 

Substitute the expression for g 3 (« mil ) into (40) 
1 / 1 \ m A A 

A V A/ C ° M ™' 1 + J9i(u m ,i) - jci(m)u m ,i - gi{u m ,i) + ci(m - l)u m ,i = 

m— 1 _ 

-H c «m-i,i - Ag-^^-i,!) + Aci(m - l)w m _i,i - A5fi(M m _i,i) + Aci(m)w m _i >:L . 

Left and right-hand sides of the last equality depends only on u m> i and w m -i,i respectively. 
Consequently Ci(m + 1) = jCi(m — 1) and 

9iM = ^(M) m+lc 2+(-^) Cott^-A^H-dlm + lKi). (41) 
Return to the equality (36). Taking into consideration (39) and (41) one gets 

+ (-t) c o#i( m ™,i) + ^— i Aci(m)- 



Aj2(tWi,i) , f l\ m+1 A A 2 £( 2 (w m+ i,i) A 2 .j^i; 

T c o#i(*Wi,i) + ~? 5 r ci(m + 1)- 



A M m+ i 5 i V A7 A " V A u m+l,l A V ' Um+1,1 

Analysis of the last equation shows that 



AV f l\ m , , ,gl(u 



52(«m,l) = I J J C 3 M mj i - Co9l(Um,l)Um,l ~ \^^- + \ Cl (m)g 1 (u m> i) . 
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As the function F doesn't depend on parameter A we have A = 4- and 



F=*^-_ L, (42) 
li 2 h 12 h 12 u m> i 



where 



^12 = tt^ ~r r {aoU m ,iU m - 1A + ji a 2 ), 



(A 2 - ^ 2 ) V A 



1 / 1 \ 2m 



(A 2 - /i 

_ At 4 m+ 4 a 2^_ /i3m+ 2 a2ai); 



v 7 ! ( l\ m f/2 2m+2 a 2 2 /x m ai 



/ \ v 11/ 1^ £ 2. 1^ J- 1 

^) = W ^7){--\) {—X ^ m , 1 + ^ m , 1 j, 

and Oj are arbitrary constants. 

The function h 12 being contained in the expression for F depends on variable M m+11 which 
is not dynamical, i. e. it can be expressed through variables u m> i, u m -i ; i and function F 

(u m ,i + u m> i)u m)l 



u m -i,i(l + u mtl F)' 
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Therefore if we denote (2a2/i + a), a\ = f3a>2H 2 then the equality (42) 

gives boundary condition (20). The matrix H and involution A are following 

( ffl("m-l,l) + fol2 h \ 2 

Ag2(Mm,l) _ M 2 (3l("m-l,l) + fel2) , Affi (u ma ) fej 2 I ) _\ ' 

M 2 h.l2«m,l Au-mjlltm,— 1 } 1 U m ^ Ati m; i y 

Now suppose that h\2 = 0. Then the system (12)-(15) takes the form 

\h u = \h u + /l21«m,l, (43) 

Tin = ^2, (44) 
Xh 2 i + Xh 22 F =~Xh u F -h 2 i, (45) 

^21«m,l - ^22 = ^22- (46) 



The system (43)-(46) has a nontrivial solution if we assume that d Q™ +1 ^ = 0, i. e. 

F = go(u m ,i,u m _ hl ) (l + 

and consequently 

U m ,l 



^m.l / U m i 



u m-l,l9o\ u m,l-> u m-l,l ) 

Taking into account (44) we get from the equations (43) and (46) 

- A-u m _i 5 i — u m: i X — X 

"■n — ^iit , n,2i — ftiiT , 

AWm-1,1 — U m> i AU m -i : i — U mt i 

and so (45) takes the form 

(A - A)(l + u mjl F)(u m+1A - AAw m _i,i) = 0. (47) 

It implies that u m+ljl = XXu m -i tl . The other factors in (47) don't vanish. Really, if A — A = 
then H is equal to the identity matrix, which gives no involution. As for the middle factor 
it coincides with the factor 1 + which is contained in the denominator of the chain itself. 

Mm,0 

In the domain of the right hand side of the chain (2) it must be different from zero. Since 
d"^ 1,1 = we have A = f. Thus, boundary condition F takes the form (21), the matrix H 
and the involution A respectively are of the form 



A' 



H I 9ijn) ° | A = - 

9( m ) A(AM m "7,i-Mm,i) 9(m + l))' 

m —A 

where g(m) = U A (^';' 1 _"^ ) . The propositio n is proved. 



3 Discrete Painleve equations 

Consider the truncated system (2), (10) in the case of different involutions Ai ^ A 2 at the 
endpoints n = and n — 2. So that the endpoints are taken as close as possible, i. e. N — 1. 
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The boundary conditions F\ and F 2 imposed at n = and n = 2 are of one of the forms 
represented by (16) or (20). Denote through Hi(X,m), H 2 (X,m) the matrices H corresponding 

— 2 ~ 2 

to each endpoint. In the case of (16) and (20) the involutions are of the form Ai = A 2 = y-. 
Thus the system (2), (10) takes the form 

= -Fl( m > U m,l> W m-l,l)> ( 48 ) 



U mi i(l+Um,2/«m,l) ,, n N 

Wm+1,1 = 77- 7 V 

u m ,2 = F 2 {m, u m>1 , w m _i,i). (50) 

It was shown in [10] that the differential- difference Toda equation (1) admits finite dimensional 
reductions of the Painleve type. The same can be done in our case of purely discrete equations. 
Proposition 3. The system (48)-(50) is equivalent to the matrix equation 

A m (5X) M m {\) = M m+1 (X)A m (X), (51) 

which is the consistency condition of two linear equations 

Y m+ i(\) = A m (X)Y m (X), (52) 
Y m (5X) = M m (X)Y m (X), (53) 



where M m (X) = H x (f , m) L' 1 (f ) iJ^ 1 (f , m) L m (X) and 5 

Proof. Boundary conditions (48) and (50) are consistent with zero curvature equation (3). 
It follows from it that equation (5) taken at the spatial points n — 1 and n = 2 

Y m+1A (X) = A m , 1 (A)y m ,i(A), (54) 

^m+l,2(A) = ^4m,2(A)K m ,2(A) 

possesses additional linear transformations 

w(y) =^i(A,m)K m , 1 (A), (55) 

^(y) =^ 2 (A,m)K m , 2 (A). (56) 

As we said above the system (48)- (50) is equivalent to the consistency condition of the equation 
(54) with the following one 

Y m , 2 (X) = L roil (A)Y m ,i(A). (57) 

2 

Replacing A — > in (57) and taking to account (56) gives 

*W (y) = ^1 (y) ^ 2 (A,m)L m , 1 (A)y m , 1 (A). 



Substitute the last expression into (55) 



Y m ,i (£\ = H 1 (X,m)L; n ] 1 (X)H~\X,m)L m , 1 (f$\ Y mA (£\ . (58) 
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2 

Replacing again A — > ^ in (58) we get the equality 

^ (| A ) = Hl (x' m ) L ^ (f ) H " (f' m ) 

Omit the second subindex in u m j_. So the equation (57) is equivalent to the equation (53). The 
proposition is proved. 

Thus the system (48)-(50) possesses Lax pair (52), (53), which is typical for the discrete 
Painleve equations. Consider several illustrative examples. 

Example 1. The system (48)- (50) with boundary conditions 

— !— = «iM m ,i + ft, M m>2 = a 2 fi 2m ^— + (3 2 fi m 

U m fl M m ,l 

gives rise the equation on variables u m = u m ^ 

u 2 m + (3 2 fi m u m + a 2 /j, 2m 
u m+1 u m ^ = r — — , (59) 

which is one of the forms of the third discrete Painleve equation d — P in [15], [16]. Check that 
in the continuous limit it approaches the Pui equation. Return to the variables u m = e qm and 
take pi = e 2h , a,\ = dih 2 , a 2 = d 2 h 2 , (3\ = 0ih 2 , (3 2 = 2 h 2 . Then the equation (59) takes the 
form 

1 + h 2 (a 2 e 4mh - 2qm + (3 2 e 2mh - qm ) 

Qm+i — 2g m + Qm-i = In ; . , 2 ,_ — T n — . n " \ • 

1 + h 2 (a 1 e 2qm + pie qm ) 

Let h — > in the last equation then we have 

q*x = ^e 4x ~ 2q + (3 2 e 2x ~ q - a x e 2q - (3 ie q . (60) 
Substitution e q ^ = zy(z), z = e x in (60) gives the third Painleve equation [17] 

y zz = y -i- y ^ + kAy 2 + B) + Cy 3 + -, 
y z z y 

where parameters are A = —fii, B = (3 2 , C = —a±, D = a 2 . 

By using Prop. 3 we can find a matrix M for zero curvature equation (51) according to the 
equation (59) (we denote rriij = (M)^) 

m 12 = -(/i m+1 A/3 2 -a 2 (/i + \)£u m ), 

m n = m 12 (— + — !— ] + (fa - //"(// + A)— V 

\U m U m -iJ ¥ U m-l V U m J 

m 22 = - \p 1 p 2 fi m+1 ^ - - a 2 (fj, + \)i]u m J , 

m 21 = m 22 t— + — *— j + ( p 2 r] - /i m (/i + X)p 1 ) , 

\u m w m _i J yu m -i V u m {fi 2 + A) I 



where 



2m 

V =-^—(a 2 ^ + X) 2 -^ 2 ), 
H + A 
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/i 2 A/3i« m _i /i 2 w m -i + Aw m AA(/x 2 

£ = ,,2 i \ + > V = + ~ 7 2 A x • 

p ~r A 1i m U m {[l -+- A) 

Example 2. Impose boundary condition (16) at the point n — 1 

J_ = a 1/U - 2m Mmil + /3i/i" m , 
and (20) where /i — 1 at the point n = 2 

Mm-1,1 Kn-1,1 - «m,l) 2 ("2(«i,i + 1) + ^VK-y 

U m ,lU m fl VH 1 _ «m,l«m-l,l) U m ^(l - W m ,lU m -l,l J 

Under this constraints the Toda chain (2) is reduced to the fifth discrete Painleve equation 
d-P v [18] 

/ lW -.x P<?(« m - a)(u m - l/a)(u m - b)(u m - 1/6) 

(w m+1 w m - l)(u m u m _! - 1) = -, Vl 7 , (61) 

(u m -p)(u m - q) 

where p = Po[J> m , q = qo^ m and p , q , a, b are constants such as following equalities have place 

Poqo = "2, Po + <?o = -(h, 

a + - + b+^ = a u (a + ^ (b + ^ = -(3 + ft). 

Return to the variables w m = e 9m in (61) again and take \x = e~ h . We use the same constants 
aii, ct2, /3i and /? 2 as in example 1. If h — > then we have an equation 

which gives the fifth Painleve equation by substitution e q ^ = V y^yX , z = e x [17] 

( l 1 \ 2 , (y-i) 2 f A , B\ t „y t n y(y + l) 

= — + y 2 + 2 — Ay + — + C- + D — . 

\2y y-±J z z 2 \ yj z y-1 

Here parameters are follow 8 A = —j3 2 — 2a 2 , 8B = (3 2 — 2a 2 , C = —2/3i, D = —2ol\. 
We will use following notation 

K\ A*) = 2 (^ 2m - /i 2 M m M m -l), 

A z — /i z 

/T / . 2m+2 \ 



X 2 - fi 2 \ A ^ m ^ A - /i / ' 

1 / ,.4m+4 \ 

/(«m, A, /x, a, /?) = j- — fi 2m+4 u m (2fi + a) - ^u 3 m - » m+5 (3u 2 m - * /i 3m+4 /5 . 

(A 2 - fi z y \ u m j 

In this example functions h, g{u m ) and f(u m ) correspond to following functions h(j, 1), g(u m , j, 1, fli) 
and f(u m , 1, ai, Pi). Therefore elements of the matrix M take the form 

m 12 = ^ 2m - 2 ^ 2 u m _ 1 + i 7 C), 

mn =m 12 ( 1 — ) (/i 2m_2 A/iM m M m _i + r?^i Am^), 

\u m M m _i J ifU m -\ 

if \ 1 + X/j, h J ' 

m 2 i = m 22 ( — H — J (A/i™ 'PihUmllm-i + ^l-^M^), 
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where 



6 = g{u m -i) +h, 6 = sW - A/i, 

>> / v / /•/ \ . , x,x A/3i/x m_1 w m _i /i 2m " 2 (M m _! + Aw m ) 
y? = A4iM m 5f(M m ) - M m -i(/(M m )« m + g{u m )h), r] = — — 1 . 

1 + A/1 M m 

+ Aw m ) 



C = f(um)u m u m -i - A /i$Lii m + g(u m )hu m _ u ip = «iAw m _i + 



u m (l + A/i) 



Example 3. Consider the chain (2) with boundary conditions (20) where \x is arbitrary 
constant at the point n = 



J 



«m,0 «m-l,l M ro _i i i( 1 tt 2m - 1 U 2 M m ,l u m-l,l) At 2 " 1 ~ Al 2 Wm,lM m _i,i 

and where /x = 1 at the n = 2 

U m ,lU mfi U m ,l(l - n m ,lM m -l,l) Mm^l 1 - «m,l«m-l,l) 

Solving these equations with regard to the variables u mt2 and u m;0 an d substituting them into 
(2) one gets an equation on variables u m = u m ^ which is the sixth discrete Painleve equation 
d - P V i [19] 

(Um+lUm ~ Pm+lPm) (u m U m -i — PmPm-l) _ ( u m ~ a Prn)( u m ~ Pm/ a )( u m ~ bp m )(u m — p m /b) 

(u m+1 u m -l)(u m u m _ l -l) (u m -c)(u m -l/c)(u m -d)(u m -l/d) 

(62) 

where p = po^ m , Po = l/f-t and a, b, c, d are constants satisfying the following conditions 

1,1 Oil 

a+-+b+- 



a b upo V a) \ b J \i 

+ i + rf+ l =a2 , ( c+ i)( d+ l) = _ (4 + A ). 



One can take /i = e to get the continuous limit 

P -q _ P g 



(1 - e 2x )(ei- 2x - e~i 

(g 2 -a 2 (e« + e-«)-^ 2 ) 



e 2x~q _ e q 



(1 - e 2x )(e« - e~i) 

Substitution e q{x) = §fjz^, e x = gives at once the sixth Painleve equation [17] 

1/1 1 1 \ 2 (I 1 1 \ 

yzz = -(- + — - + ]Vz-[- + — t + Vz + 

2 \y y-l y-zj \z z-l y-zj 

y{y-l){y-z) ( . R z_ z-l z(z - 1) \ 

z\z-\y r y 2 (2/-1) 2 (y-^)V' 

where parameters are following 8 A = f3 2 + 2a 2 , 8B = —f3 2 + 2a 2 , 8C = —fa — 2a± : 8D 
Pi - 2«i + 4. 
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Elements of the matrix M for the equation (62) have the form 
m 12 = —{Xhl^Um-i - £iC), 

mn = mi2 I 1 I H — (CiV'i - hih 2 u m -i), 

U m ( XhUm-i \ 

m 22 = — ~ VC ) , 

if \ u m J 

m 21 =m 22 \ 1 H {Wiu m - /fc&Um-i), 

\U m U m -\) <pu m -i 

where we denote 

h 1 = h(l/X,fi), h 2 = h(l/\, 1), gi(u m )=g(u m ,l/X,fjL,p 1 ), g 2 (u m ) = g(u m , 1/A, l,/3 2 ), 
AW = /(«m, l/A,/i,«i,/3i), f 2 {u m ) = f(u m , 1/A, l,a 2 ,/3 2 ), 

£l = Xu m gi(u m _i) - hUm-!, £ 2 = 9l(u m ) - yU 2 A/li, 

^1=52(^1) + ^, ^2 = J2K) - Xh 2 , 

fl(u m )u m -i , . A/i 2 ^i 2 v«m-l 
»7 = 7 2 *0l(«m) » C = J2 «m)«m-1 ~ A /l^l + hig 2 {u m ) , 

<P = Xhi^ig 2 (u m )u - h 2 u rn „i(f 2 (u m )u m + g 2 {u rn )hi). 
Acknowledgments. The work was supported by RFBR grant # 01-01-00931. 
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